We develop a stochastic approach to study gravitational waves produced during the inflationary epoch under the presence of a decaying cosmological parameter, on a 5D geometrical background which is Riemann flat. We obtain that the squared tensor metric fluctuations depend strongly on the cosmological parameter Λ(t) and we finally illustrate the formalism with an example of a decaying Λ(t).
foliation ψ = ψ 0 on the fifth coordinate. Furthermore, we describe the dynamics of the coarse-grained field, which describes the tensor fluctuations on super-Hubble scales, which are the relevant scales for cosmology during the inflationary evolution of the universe. In particular, we study the evolution of the squared (L) h-field fluctuations and its spectrum. Finally, in Sect. IV we develop some conclusions and final comments.
II. GW IN A 5D VACUUM: PRELIMINARY FORMALISM
In this section we shall establish the basic formalism with the necessary ingredients in order to construct a stochastic formalism able to describe GW from a 5D vacuum in the presence of a time dependent cosmological parameter Λ(t). With this aim we start considering the background line element [16] 
where dr 2 = δ ij dx i dx j , being {x i } = {x, y, z} the local cartesian coordinates. Here t is the cosmic time and ψ is the fifth coordinate which is space-like. Adopting a natural unit system (where = c = 1), the fifth coordinate ψ has spatial units whereas the cosmological parameter Λ(t) has units of (length) −2 . The background metric in (1) is Riemann-flat, R A BCD = 0 and thereby it describes a 5D geometrical vacuum.
The second order 5D action for the tensor perturbations in our case is
being Q ij (t, r, ψ) the transverse traceless tensor denoting the tensor fluctuations with respect to the background metric g AB , and therefore the expressions tr(Q ij ) = Q i i = 0 and Q ij ;i = 0 are valid. In addition the comma (; ) is denoting covariant derivative and
] is a dimensionalization constant being ψ 0 and t 0 some constants to be specified. From the action (2) we derive the evolution equation for the tensor fluctuations Q ij
where the dot denotes derivative with respect to the cosmic time t. Quantization of Q ij is achieved by demanding the commutation relation
and expressing the quantum operators Q ij as a Fourier expansion of the form
with α counting the number of polarization degrees of freedom and the asterisk ( * ) denoting complex conjugate. The polarization tensor (α) e ij obeys
On the other hand, by introducing the quantities
the evolution equation (3) becomes
Inserting the expansion (5) in (7) we obtain the Fourier expansion for the quantum operators χ
where we have introduced the re-defined modes
The dynamical equation for the re-defined modes then reads
The equation (11) yields
where we have used the transformation Θ m (z) = e −(3/2)z L m (z) with z = ln(ψ/ψ 0 ) and the parameter m 2 is a separation constant which is related with the squared of the KK mass measured by a class of 5D observers. This way, given a cosmological parameter Λ(t), the temporal evolution of the tensor modes ξ kr (t) in 5D is determined by solutions of (12) . Once solutions for ξ kr (t) and L m (z) are obtained, they should satisfy the algebra (4). This can be achieved if the solutions satisfy respectively the condition
which are usually named the normalization conditions. On the other hand, note that equation (13) is exactly the same as the one obtained in [11] . Therefore about the behavior of the modes with respect the fifth coordinate we can say that for m > 3/2 the KK-modes are coherent on the ultraviolet sector (UV), described by the modes
Notice that in the case of a constant cosmological parameter Λ = Λ 0 , we obtain that
and the line element (1) give us the Ponce de León metric [14] . Notice that for m > 3/2 the solutions of (12) are always stable. However, for m < 3/2 those modes are unstable and diverge at infinity when k r < k 0 . The modes with m > 3/2 comply with the conditions (14) , so that they are normalizable. The coarse-grained tensor field which describes a stochastic dynamics on super-Hubble scales is defined by
This field (L) χ i j (t, r, ψ) contains all the modes in the IR-sector k r /k 0 < ǫ ≃ 10 −3 . This means that (L) χ i j only considers modes with wavelengths larger than 10 3 times the size of the horizon during inflation.
III. EFFECTIVE 4D DYNAMICS
As in a recently introduced work [12] we shall assume that the 5D space-time can be foliated by a family of hypersurfaces where a generic hypersurface is determined by taking ψ = ψ 0 . An extension to dynamical foliations was recently studied in [13] . Thus, the line element (1) generates an effective 4D background metric dS
where
It is important to notice that when the cosmological parameter is constant, Λ = Λ 0 , the effective 4D metric describes a de Sitter expansion with an energy density ρ v = Λ0 8πG = −p v , where ρ v and p v are respectively the energy density and the pressure on a vacuum dominated expansion. In particular, when we use the foliation ψ 0 = 3/Λ 0 = H −1 0 (in this case H 0 is the constant Hubble parameter), we obtain a comoving reference system with tetra-velocities u α = (1, 0, 0, 0) and the universe can be described by a Friedmann-Robertson-Walker (FRW) metric ds
with an exponential (vacuum dominated) expansion. In general [i.e., when Λ = Λ(t)], the effective 4D metric (17) is not the usual FRW one, and the tetra-velocities u t and u r are related by the expression
On the other hand, the dynamics of the 4D tensor-fluctuations will be given in terms of the tensor components h ij (t, r) ≡ Q ij (t, r, ψ = ψ 0 ). The effective 4D action (α, β run from 0 to 3) can be written as
where (4) R = 12/ψ 2 0 is the effective 4D Ricci scalar evaluated on the metric (17) . In other words, the 4D scalar curvature is geometrically induced by the foliation on the fifth coordinate: ψ = ψ 0 .
The effective 4D linearized equation of motion for the 4D tensor-fluctuations is
which, after make the transformation h
give us the equation of motion for the redefined 4D tensor-fluctuations
Therefore, for a given Λ(t) we can obtain in principle an effective 4D dynamics for the tensor fluctuations of the metric. Now, instead of following the standard procedure to investigate the 4D effective dynamics of this tensor modes, let us to adopt a stochastic approach.
A. Coarse grained field in 4D
In order to describe the tensor-fluctuations on cosmological scales, we shall introduce the coarse-grained tensor field (L) χ i j (t, r, ψ = ψ 0 ) on the effective 4D metric (17) . This field is represented as a Fourier expansion on the modes whose wavelengths are bigger than the Hubble radius
where, because on the effective 4D hypersurface ψ is a constant ψ 0 , we shall consider that m is a free parameter, such that
and
The equation of motion for the field
where the stochastic tensor operators η i j , κ i j and γ i j , on the effective 4D metric (17) , are given, respectively, by
By using differential properties of the former stochastic operators, the equation (24) can be written as
This is a second-order stochastic equation that can be written as a first-order system in the forṁ
(L)χi
where we have introduced the auxiliary field u i j ≡ (L)χi j −ǫk 0 η i j . Now, in order to minimize the role of the stochastic noise γ i j , we impose the conditionk 
which only is valid on super-Hubble scales. Under this consideration the system (29)-(30) becomeṡ 
This new system can be seen as two firsth-order Langevin equations with a tensor noise η i j which is Gaussian and white in nature. Hence, it satisfies η = g 
